GROUPS OF ORDERS 1-15

SUMMARY
order 123456789 10 11 12 13 14 15
# abelian 1(1(1(2f1(1|1|3|2|1|1]2]|1|1]|1
# other decomposable [0[{0](0|0]|0|0|0(0|0O|1|0]2]0|1]0
#other indecomposable |0|0]|0|0|0[1]0]2|0] 0|0 |2]0]|0|0
TOTAL 1112121522 1 5 1 2 1

1=()
The group of order 1 is ubiquitous in that it occurs as a subgroup and a quotient
group of every group. Its existence is the simplest way of showing that the
elts 1 group axioms are consistent. We denote the trivial group by 1, and its only
Xt 1] elementis also denoted by 1. That element has order 1 and the only entry in its
order 1 character table is the number 1. It is the first cyclic group and also the
symmetric group S;.
2= (Az)
elts 1 A
vi|l] 1 The cyclic group of order 2 is also the symmetric group S,. It is also the
x2|1]-1]| dihedral group D.. Itis the only non-trivial group of integers under
order 1 2  Multiplication.
3 =(A3%
elts 1 A A?
wvi|l]1]1 The cyclic group of order 3 is the
v2|1| @ | @?| rotation group of the insignia of the
w1l o?| o Isle of Man.
order 1 3 3
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4= (A%

elts 1 A2 A A3
CC1l 2 3 4%
vi|1] 1] 1] 1|1 G  When we come to order 4, we get two different groups.
v2|1| 1]-1]|-1] 1 The firstis cyclic. In fact there is always a cyclic group
NAETEER of any order.
va|ll|-1| -i| 1]0

order 1 2 4 4

4.2 = (AZ, BZ) =Dy=2?

class size order class size order
1=1x1 1 11 14=1x%x2 1 2
2=2x1 1 2] |5=2x2 1 2

CC1 2 3 4 XK Normal subgroups
vi|l]1]1]1]G Classes H G/H n
vl 1|-1|-1]11 1| 1+2 |2 2 |1
wva|l]-1|1|-1]12 2| 1+3 |2| 2 |2
vall|-1]-1| 1|3 3| 1+4 2] 2 |3
order 1 2 2 2
5= (A%
elts 1 A A* A2 A3
wvill[1]1]1]1
2116|0662 03
v3|1]106%] 6 | 6°| 02
va|1]1062]0°]06%| 0
Y5 1 93 92 0 94 e:EZniIS
order 1 5 5 5 5
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6=(A%=3x2

elts 1 A2 A A3 A5 A
CC12 3 4 5 6 %X
|11 [1]1]1]1]G
v|lllo|lo®’|l]| o | o]l
wlllo®lofl| 0] o |1 The group 6.1 is the
xa|1] 11 )11 -1]-1]|2 smallest decomposable
vs|1l| o |0?]|-1]| —o | -»?|0 cyclic group.
xe | 1 ol o l-1]-0?| -0

order 1 3 3 2 6 6

Normal Subgroups

Classes H G/H n
111+4 2 3|1
211+2+3 | 3 2|2

Sylow and Maximal subgroups: [2], [3]

6.2 = D = S3 = (A3, B? BA = A'B)
CcC 1 2 3
elts|1L|A A2|B AB AZ2B

cC1 2 3 As well as being the
size 1 2 3 K smallest non-abelian
vi|1]| 1| 1[G symmetric group, 6.2 is
|11 ]-1]1 the smallest non-abelian
wl2l-1]0]1 dihedral group, being the
order 1 3 2 group of rotations of an

equilateral triangle.

Normal Subgroups
Classes H G/H Z=1

111+2 3 2|G'=®

Z=N = =[1]
Sylow and Maximal Subgroups: [2] x 3, [3]

7 =(A")
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8=

e S I S

(A°)

elts 1 A* AZ A°® A A7 A* A°
CC1 2 3 4 5 6 7 8 X
wvilfl] 1 ]1]1]1(1|1]1|G
vl 1 |1 ]1]-1]-1]-1]-1]1
wa 1| 1 |[=1|-2| i |—i|-i|i]?2
wall| 1 | =111 |1 |-i]2
vs|1]-1] 1 |-i|0[07]0%]06°[0
well| =1 —i| 1 [67]06|0°|6%|0
v |1]-1]—-i| 1 [63]0°0]67|0
s 1 -1 i —j 95 93 97 0 0 ezeZni/B
order 1 2 4 4 8 8 8 8
Normal Subgroups
Classes H G/H n
111+2+3+4| 4 211
2(1+2 2 412 o=@
Maximal subgroups: [4]
8.2=4x%x2 :(A4, BZ)
class size order class size order
1=1x1 1 11 |15=1x2 1 2
2=2x1 1 2] |6=2x2 1 2
3=3x1 1 41 17=3%x2 1 4
4=4x1 1 41 18=4x2 1 4
CC12 3 45 6 7 8 X
vll]1]1]1[1]1]1]1]|G
vl1]1]-1]-1]1]1]|-1|-1|1
wall |10 |=i|1|-21]1i]|-i]2
vall| -1 —i| i [l ]-1]-i]i][2
vs | 1 1/1|-1(-1|-1]|-1]|3
xvell| 1 |-1]-1|(-1|-1]|1|1]4
w111 |—-i|[-1]1|-i|]i]5
vell|-1|—-i| 1 |-1| 1|1 |-i|5
order 1 2 4 4 2 2 4 4
Normal Subgroups
Classes H GIH n Classes H G/H
1+2+5+6|22 2|1 5/1+6 2 |4 5
1+5 2 412 6|1+2 2 122 (13 o=
1+2+3+4)| 4 213
1+2+7+8|22 2|4 Maximal subgroups: [2?] x 2, [4]
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8.3 =(A2 B2 C?)=23=22x2

Class size order class size order
1=1x1 1 1] |15=1x2 1 2
2=2x1 1 21 16=2x2 1 2
3=3x1 1 2|1 |7=3x%x2 1 2
4=4x1 1 21 |8=4x2 1 2
CC 1 2 3 4 5 6 7 8 X
vi| 1 1 111111 (1]|1]|G
2| 1 1 | -1 |-1(1] 1 |-1(-1]1
vl 1] -1 1 |11 -11]1|-1]2
vall| -1 |-1(1f1]-1]-1]1]3
vs| 1 1 1 | 1]-1|-1|-1|-1|4
vl 1| 1 | -1]|-1]-1|-1]1]1]5
vl 1] -1 1 |-1]/-1| 1 |-1|1{6
vl 1| -1 |11 (|-1| 1 |1]|-1]7
order 1 2 2 2 2 2 2 2
Normal Subgroups
Classes H GH n

1{1+2+5+6]| 22 2|1

2(1+3+5+7]| 22 212

3|1+4+5+8| 22 213

411+2+3+4| 22 214

5/1+2+7+8| 22 2|5

6|{1+3+6+8]| 22 2|6

7|1+4+6+7]| 22 217

8l1+5 2 221112

8l11+2 2 2214

911+6 2 22116

10]1+3 2 221214

11({1+7 2 221215

12(1+4 2 221314

13(1+8 2 2235

Maximal subgroups: [2%] x 7
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8.4 = Dg = (A%, B% BA = A™!B)

Maximal subgroups: [4], [2%] x 2

CC 1 2 3 4 5
elts|1|A2|A A’|B A’B|AB A°B
CC 1 2 3 4 5
Sizez 1 1 2 2 2 X
vi|l|1]1]1]1]G The group 8.4 is the
vll]1]1]-1|-1|1 dihedral group of order 8,
wlil 12122 being the rotation group
wal1| 1 |-1|-1|1]3 of a square.
vs{2]-2]1 0] 0]0]0
order 1 2 4 2 2
Normal subgroups
Classes H G/H n
111+2+3 (4 |2 1
211+2+4(2%|2 2
3[1+2+5[2%|2 3
411+2 2 |22 |1n2 G'=Z=0=9

8.5 = Qs = (A% B2= A2, BA = A!B)

CC

size
X1
X2
X3
X4

A5
order

CC 1

2

3

4 S

elts| 1

A2

A A3

B A’B|AB A’B

S S

NI I R

P wnNhDEFEOX

Qs is Hamiltonian (every subgroup is normal)

The group Qs is the first of the quaternion
groups. Note that Dg and Qg have the same
character tables. They differ only in the orders of
the elements. Qg was discovered by Hamilton,
where he described it as: {1, +i, £j, £k} with

i2=j2=Kk2=-1andij=k, jk=i, ki =].

Normal subgroups
Classes

H G/H n

nN=G

1+2+3

4

2

1

1+2+4

2

2

1+42+5

2

3

A WN -

1+2

4
4
2

22

Maximal subgroups: [4] x 3
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9= ( A9> 0 = e2nil9

elts 1 A> A® A A A2 AT AP A

cC1 2 3 4 5 6 7 8 9 X
vill]1]1 1 1 1 1 1 1 |G
wll]1]1] o | 0® | 0® | ® o | o |1
vl 1]1] 0® | ® o | 0| o® | o |1
wlllo|w]| 0 |00*] 02 |00 | 00 | ©0° |0
vl o?| o |0?0?] 0 |00 ] 62 | ®0? | w0 |0
voll|o?| o] 02 | 00| w0 | w0?| 0 |w?0?|0
v]llo|w*| 00| 0° | 00®| ©d |0?0?] 0 |0
|l o |0?] @0 | @w0?| 0 |00’ 0?0 | 62 |0
voll|w?| © | 00| wb |w?0*] 0 | 0> | w0 |0

order 1 3 3 9 9 9 9 9 9

Normal subgroups
Classes H G/H n

111+2+3| 3 311 ® Maximal subgroups: [3]

9.2 = (A3, B3) =32
class Size order Class size order class size order

1=1x1 1 1| 14=1x2 1 31 17=1x3 1 3

2=2x1 1 3] |5=2x2 1 3] 18=2x3 1 3

3=3x1 1 3] 16=3x2 1 3[19=3x%x3 1 3

cCC12 3 45 6 7 8 9 X
vill]1]1]1]1]1]1]1]1]G
vlllo|o?|l|lo|e’]|l|o|e?]l
wvlllo®lo|l|o’|lo]|l|o’|o]|l
w(illl|llo|lo|o|o|e®|e®|?2
wlllo|w|lo|o’] 1|’ 1l]|on]3
wlllo|lo|lo|l ||’ o] l]4
v 11 |1l]o|e*|e*|lo|lo|e]?2
wv|lllo |||l |o|lo|n?]|l]4
volllo’|lo]|ow?’|lo|l|lo]|l]|w]3

order 1 3 3 3 3 3 3 3 3
Normal subgroups
Classes H G/H n
1({1+4+7| 3 311
211+2+3| 3 312
3|1+6+8| 3 3|3
411+5+9| 3 314 Maximal subgroups: [3] x 4
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10=(A%=5x2 @g=¢is

class size order class size Order

1=1x1 1 11 16=1x2 1 2

2=2x1 1 SOl |7=2x2 1 10

3=3x1 1 ol |8=3x2 1 10

4=4x1 1 51 19=4x2 1 10

5=5x1 1 5[ 110=5x2 1 10

CC12 3 45 6 7 8 9 10 X
vill]1]1(1|1]1]1]1|1]1]G
v2[110]02]0%(0*] 1] 0 |62|65|0°]|1
v3[1]02]0%] 0|03 1 ]02]06*| 060|031
vall1]03]0(0*|02] 1] 03] 0 |06*]|0%]1
vs[1]0%]10%]02|0]1]0*]|6|62| 0|1
vw|l/1|1]1|1|-1|-1|-1|-1]|-1]2
v7|1]0]62]6%0*|-1|-0|-062|-6%|-0%]|0
vs|1]02]0%| 0|03 -1|-02|-06* —6|-0%]|0
vo|1]0%0(06*0%]-1|-0%| -0 |-0%]-0%]|0
vio|1]06%[0%|02|0|-1]|-06*-6°|-0°]|-0]0

order 1 5 5 5 5 10 10 2 10 10

Normal subgroups
Classes H G/IH n
111+6 2 51
2|11+2+3+4+5| 5 2|2 Sylow and maximal subgroups: [2], [5]

10.2 = (A%, B2, BA = A-'B) = Do

cC1 2 3 4
elts|1|A A*|AZ A’|B AB A’B A’B A’B
CC12 3 4
size 1 2 2 5 XK
vi[l1[1]1]1]G The group Dy is the
wvl1]1]1]-1]1 rotation group of a
wl2]clc[0]0 regular pentagon.
wl2|c.[cfo]o Cx = 2c0s(2kn/5)
order 1 5 5 2

Normal subgroups
Classes H G/H
11142+ 3| 5 2

GI

Z=9=0=[1]
Sylow and maximal subgroups: [2] x 5, [5]
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11 = (ALY

12= (A =4x3

class size order class size order class size order
1=1x1 1 11 |5=1x2 1 3 9=1x3 1 3
2=2x1 1 2 6=2x2 1 6 10=2x3 1 6
3=3x1 1 41 7=3x2 1 12 11=3x%x3 1 12
4=4x%x1 1 41 18=4x%x2 1 121 |12=4x3 1 12
CC1 2 3 4 5 6 7 8 9 10 11 12 X
vl1]1[1]1f1] 1 1 1 1] 1 1 1 |G
velll1]1|2f1] 1] 1] 1]1]1]-1]|-1]1
wvall|=1| 1 |-i[1] -1 i -i |1] -1 i -i |2
walll-1|—i| i1 -2 i | i J1]-1] -] i |[2
ws|ll|1]1]|1l|lo|o| o | o |0 0®| o | o® |3
wvl|ll| 1 |-1|-1|lo]| o | 0| -0 |0 0®|-0®|-0*|4
wv|1|-1] i |-i|lo]|-o]| io | -io |0 |-0?| i0® |-ie?|0
wvll|-1|-i|i|lo|-o|-io]| io |0?|-0?*|-in?| in? |0
w|ll|1]1]1|o®’]|0®| 0 | @* |o|] © | © | o |3
yio|l| 1 |-1|-1]lw’| 0 |-0’|-0’|o| o | ~0o | -0 |4
v |1]=1] 1 |—i|w?|-0|in® |-ie*|lo|-o| io | -io]0
vz |1|-1]-i| i |0|-0|-i0’| i’ |o|-o|-io]| io |0
order 1 4 2 4 3 12 6 12 3 12 6 12
Normal subgroups
Classes H G/IH n
111+2+5+6+9+10| 6 2|1
211+5+9 3 412
3|1+2+3+4 4 3|3
411+2 2 6|4 @

Sylow subgroups: [3], [4] Maximal subgroups: [4], [6]
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12.2= (A% B =6 x 2

CcC
A1
X2
A3
y
x5
A6
X7
A8
X9

%10
Y11

Y12
order

Sylow subgroups: [2?], [3] Maximal subgroups: [2%], [6]
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class size order Class  size order
1=1x1 1 11 17=1x2 1 2
2=2x1 1 31 18=2x2 1 6
3=3x1 1 31 9=3x2 1 6
4=4x1 1 61 110=4x2 1 6
5=5x1 1 2| [11=5x%x2 1 2
6=6x1 1 6 12=6x2 1 6
1 2 3 4 5 6 7 8 9 10 11 12
1111111 1 1 1 1 1 1 1 1
llo|lo?| 1] o | 0® |1l o ||l o | o
llo*|lo |l | o]l o |l o| o
11|11 |-1|-1|-11|1 1 1 (-1|-1] -1
llo|w|-1]|-o|-0?|1]| o | 0 |-1]| -0 |-
llo?|o|-1|-0|-o]|l| 0| o |-1|-0?| -0
111111 1 1 /-1 -1|-1|-1|-1]|-1
llo|o?| 1] o | 0 |-1| -0 |-0*|-1| -0 |-?
llo’|lo|l| o] o |-1|-0|-o|-1|-0?| -0
1111 |-1|-1|-1|-1|-1]|-1]1 1 1
llo|o?|-1]| -0 |-0?]|-1| -0 |-0’| 1| o | o
llo?|o|-1|-0?|-o|-1|-0’]|-0|l]| | o
1 3 3 2 6 6 2 6 6 2 6 6
Normal subgroups
Classes H G/H n
1{1+4+7+10 22 3|1
211+2+3+7+8+9 6 212
311+7 2 613
411+2+3+4+5+6 6 214
5(1+4 2 6|5
6|11+2+3+10+11+12| 6 216
711+10 2 617
8l1+2+3 3 22124
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12.3 = (A%, B2, C2 BA = A"!B) = D12 = Ds x 2

g s~ wdNE

Sylow subgroups: [2%] x 3, [3] Maximal subgroups: [2%] x 3, [6], [Ds] x 2

CC 1 2 3 4 5 6

Sizez 1 2 3 1 2 3 X
vll]1[1]1]1]1]G
vl 1]-1]1]1]-1]1
v3|2|-1]0]2|-1]0]2
vall| 1] 1]-1|-1]-1]3
xvs|1] 1 |-1]-1]-1|11]4
xv6|2|-1/0]-2]1]10]0

order 1 3 2 2 6 2

Normal subgroups

Classes H GHn &=1

1+2+4+5| 6 2|1

1+4 2| Dsl2 Z=9

1+2+3 Ds 213

1+2+6 Ds 214

1+2 3| 22|13 G

12.4 = D34 = (A3, B4, BA = A"IB)

cCcC 1 2 3 4 5
elts|1|B?| A A?| AB?2 A°B?|B AB A?B|B® AB® A’B®
CC1 2 3 4 5 6
size 1 1 2 2 3 3 X
wlfl[1]1]1[1]1]G
vl 1|1 1]|-1/-11
wa|1 |11 |11 |-i]|2
wall|-1] 1 |-1]-i|i]2
vs|2] 2 |-1]-110]0]3
xve|2|-2]-111]10]0]0
order 1 2 3 6 4 4
Normal subgroups
Classes H G/IH n
1{1+2+3+4| 6 211
211+3 3 412 G’
311+2 2| Dg|3 Z=DdD=9x

Sylow subgroups: [4] x 3, [3] Maximal subgroups: [4] x 3, [6]
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12.5 = As=(A?% B? C3, CA=ABC, CB =AC)

CC 1 2 3 4
elts|1|/A B AB|C BC AC ABC|C? BC? AC?> ABC?
CC1 2 3 4
size 1 3 4 4 K
vill|1]1]1]G This is the
vl 1|o|e?|1 alternating
vl 1]e|o]l group on 4
w|3/-1]0]0]0 symbols.
order 1 2 3 3
Normal subgroups
Classes H G/H
111+2 22 3|G
Sylow and maximal subgroups: [27], [3] x 4
13 = (AB)
14 =(A",B)=7x2 0 = el
cc12 3 45 6 7 8 9 10 11 12 13 14
wvfl/]1/1]1/1j1}j1]1|1|1]1]1 1|1
w210 ]0°/02|0°|0%|0*[1 ]| 0 |6°|0%| 0|00
v3[1]0°/0|0°/0%|0%|0%| 1 |6°| 0 |0°| 6% 0| 0°
val1]02]0°]0%|0%|0° 01 ]0%2]0°|0°|0°|0°] O
vs[1]0°/0%|06%/0* 0 ]06°| 1 |6°|0>°|0°|06* 0 |0°
ve|1]0%/0%]0°/00°]0°|1 |0 |0*|0°] 0 |6%2]|0°
v7[1]0%/0%0[0°/0°|062] 1 |06* 03| 0 |6°| 0°| 02
vll]1]1]1]1}1|1]|-1|-1|-1]|-1|-1|-1|-1
vol1]0/0°/0%/0°|0°|0*-1| -0 |-0°-0%|-0°|-0°|-0*
vio|1]6°/0]06°/0%2/0°0%[-1|-06° -0 |-0°|—06°|-0%|-0°
vi1|1]6%]0°)0%]0%/0° 0 [-1|-06%]-0°|-0 -0°|-0°| -0
vi2|1]6°/02]0%]0* 06 |0%-1|-06°|-0%|-0% —0* -0 |-0°
viz|1]0%/0°]0° 0 |0°|0°[-1|-0°-0*|-0° -0 |-0°]|-0°
via[1]6*/0%) 0 ]0°/0°|02[-1|-06% 0% -0 | —06°|-0°|-0?
order 1 7 7 7 7 7 7 2 14 14 14 14 14 14

Normal subgroups
Classes

H G/H n

111+38

2 /

|

2|1+2+3+4+5+6+7| 7 212

Sylow and maximal subgroups: [2], [7]
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14.2 = D1a = (A7, B2, BA = AB) cx = 2c0S(2kn/7)
CC1 2 3 4 5
elts|1|A AS|AZ2 AS[A3 A*|B AB A’B AB A‘B AB A°B

CC12 3 4 5
size 1 2 2 2 7 X
vi|l]1|1]1]1]|G
v ll]1]1]1]-1]1
xs|2]Ci|C2|C3| O[O
xal2]C3|Ci|C2] O[O
X5 21co|c3|ci| OO
order 1 7 7 7 2

Normal subgroups
Classes H G/H

111+2+3+4] 7 2|G
Sylow and maximal subgroups: [2] x 7, [7]

15=(A®)=5x%x3 0 = g™
The smallest cyclic group of composite order where there is no other group of that order.

CC 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 X
vil1]1]1]1]1]1 1 1 1 1 1 1 1 1 1 |G
v2[1]60]64102|0%| 1 0 0* 02 0 |1 0 04 02 0 |1
v3[1]0* 6 (06%/0%] 1| 0 0 03 g2 11| o 0 0° 0% |1
vall1]02]06°]0* 0] 1] 0° 03 0* 0 1| 62 03 0* 0 |1
vs[1]0%/02]0 (0% 1| @3 02 0 o* 11| 6° 02 0 0* |1
w |l 1|1]1|1|lo| o ® ® o |0 o | 0 | & | ©® |2
v |10 [0°]0%0° 0| 00 | ®0* | 00? | w0° | ®? | ©°0 | ©°0* | *0% | 0?0 | O
vs[1]0% 0|00 © | w0* | ©0 | @0 | w0? | ®? | ©%0? | ©?0 | ®?0° | ®?0?| O
vol1]02]0°0*| 0] 0| w0? | w0° | w0* | 00 | w? | ©%0° | ®°0° | ©%0* | »?0 | O
w0 [1]0°(02]0 0% o | ©0® | ©0? | w0 | w0* | w? | ®?0%| w?0?| ©?0 | w?0*| 0
v |l]1 1110w’ 0 | @0 | @ | @* || 0o | o | o | © |2
vi2|1]0 [0°0%]0°| 0?| 0 | ©%0* | ©%0° | 0?0*| ® | @0 | ®0* | ®0? | ®0* | O
viz|1]0%] 0 |0°]0°| 0? | ©0*| 0?0 | ©?0° | ©?0*| ® | ®0* | @O | w0® | w6? | O
s [1]0%]0%0%] 0 | 0| ©%0° | ©%0° | ©%0% | ©?0 | ® | ©0° | ®0° | ®0* | w0 | O
vis|1]0°/0%] 0 |0*| 0 | ©%0° | ©%0° | 20 | ©?0*| ® | ®0® | W0? | w0 | wb* | O

order 1 5 5 5 5 3 15 15 15 15 3 15 15 15 15

Normal subgroups

Classes H G/H n
111+6+11 3 511 Sylow and maximal subgroups: [3], [5]
2|1+2+3+4+5| 5 312
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